Abstract Starting from the observation that reversible processes cannot increase the purity of any input state, we study deterministic physical processes, which map a set of states to a set of pure states. Such a process must map any state to the same pure output, if purity is demanded for the input set of all states. But otherwise, when the input set is restricted, it is possible to find non-trivial purifying processes. For the most restricted case of only two input states, we completely characterize the output of any such map. We furthermore consider maps, which combine the property of purity and reversibility on a set of states, and we derive necessary and sufficient conditions on sets, which permit such processes.
Introduction
The notion of a pure quantum state plays a special role in quantum information theory. Many problems -such as separability or the existence of a particular quantum protocol -can easily be solved, if one restricts the problem to pure quantum states only. On the other hand mixed states endow quantum systems with many properties (such as bound entanglement), that cannot be found for systems described by pure states. In our contribution we investigate physical processes which transform a given set of mixed states to a set of pure states. If such a process exists, then it may e.g. be possible to infer from the properties of the pure output states some properties of the input states. Such a kind of conclusion is particular powerful, if the purifying map can be chosen to be reversible, since then one can consider the set of pure output states and the set of input states as physically equivalent.
We consider deterministic physical processes, i.e., processes which map any possible input quantum state with probability one to a corresponding output quantum state. The states of the input quantum system are represented by density operators ρ in ∈ B + (H in ), i.e., positive semidefinite operators with trace one acting on the finite-dimensional complex vector space H in . Analogously ρ out ∈ B + (H out ) shall represent the set of states of the output quantum system. Any deterministic physical process can be written as a completely positive and trace preserving linear (CPTP) map Λ : B(H in ) → B(H out ), where B(H in,out ) denotes the space of linear operators on H in,out . In this language, the trace preserving condition reflects the fact that we restrict our considerations to deterministic processes. In Section 3 we will argue that this restriction is indeed necessary to have a proper definition of a purifying map.
A reversible process is a physical process, where the action of the process on any physical state can be undone by another physical process, i.e., a CPTP map Λ is reversible if one can find an inverse map Λ ′ which is also CPTP and satisfies (Λ ′ • Λ)[ρ in ] = ρ in for any density operator ρ in . The most common example are unitary processes E U : χ → U χU † , where U is a unitary transformation, U U † = ½. Here obviously the inverse map is given by (E U ) ′ = E U † . Another class of reversible processes that is important for our purposes is described by
where σ ∈ B + (H aux ) is some arbitrary density operator. The inverse map for this process is the partial trace over the auxiliary system, (E σ ) ′ = tr aux . A remarkable property of this inverse map is, that it does not depend on σ and hence cannot be reversible. Note that neither the action of E U nor the one of E σ increases the purity tr(ρ 2 ) of any density operator ρ. Indeed a process, which is reversible on the set of all states cannot increase the purity of even a single state: Let us first consider reversible maps, for which the reverse map is the partial trace (e.g. E σ ). For such a reversible map Λ, the output of any pure state Π |φ ≡ |φ φ| must be Λ[Π |φ ] = Π |φ ⊗σ φ for some state σ φ . For any state ρ in we find with the spectral decomposition ρ in = i p i Π |λi that due to linearity,
in ), i.e., no state can become purer by the action of Λ. Now consider a general reversible map Λ. For the reverse process Λ ′ , by virtue of Stinespring's dilation theorem [1, 2] one can write the most general form of a CPTP map,
From this we define
The inverse map of
2 ) holds for all ρ in . Using the previous result, we find tr(
2 ) ≤ tr(ρ 2 in ), i.e., no state can become purer by the action of a reversible process.
Since a process that is reversible on all states cannot improve the purity of any state, one would guess that, on the other hand, a process which maps all states to a pure state cannot be reversible for any state. Such a process is called a purifying process, i.e., a CPTP map Λ is purifying, if
2 ) = 1 holds for any input state ρ in . The action of such a map, indeed, has to map any state to the same pure output state:
in contradiction to our assumption. Thus a purifying process must destroy any information of the input state and cannot be reversible at all.
So, the properties of reversibility and output purity are completely incompatible for a physical process, if one demands these properties to hold on all possible input states. Our approach now is to require these properties only on a certain subset of states M ⊂ B + (H in ). In Section 2 we analyze the properties of maps, which map at least two mixed states to pure states. The result of this investigation will completely characterize any such map. As an application of this result we will provide a lower bound on the trace distance of any two product states ρ 1 ⊗ σ 1 and ρ 2 ⊗ σ 2 . In a brief excursion in Section 3 we will show that, if we allow probabilistic processes, non-trivial examples of reversible and purifying processes can easily be constructed. But we will also show that the definition of a probabilistic process to some extent contradicts the properties of a purifying process. In Section 4 we will then characterize any set of states, for which a deterministic reversible and purifying map exists and discuss in some detail the structure of such sets. Finally, we conclude in Section 5.
Purifying Processes of two states
In the previous analysis we ruled out the possibility of a nontrivial process, which takes all states B + (H in ) to a corresponding pure state in B + (H out ). So the question arises, to what extent this also holds if one demands a pure output only for a subset of states M ⊂ B + (H in ). More technically, for a CPTP map Λ, let us write
2 ) = 1} for the set of states which gets purified by the action of Λ. For a purifying process of M we demand M ⊂ pur(Λ). In this section we will only deal with the most simple non-trivial case where only two states ρ 1 and ρ 2 are to be mapped onto a pure state, i.e., M = {ρ 1 , ρ 2 } ⊂ pur(Λ).
Let us consider the case where we already have two purifying maps Λ A and Λ B acting on ρ 1 and ρ 2 , and without loss of generality assume
(Here, d(ρ, σ) = 1 2 tr |ρ − σ| with |χ| = χχ † denotes the trace distance of ρ and σ.) Then there exists a CPTP map Ω, such that up to a global unitary transformation,
For two pure states Π |ψ1 and Π |ψ2 one can reduce the angle defined by sin ϑ = d(Π |ψ1 , Π |ψ2 ) to an arbitrary angle ϕ < ϑ via the CPTP map
with A α being the Kraus operators [3]
where a = tan ϕ cot ϑ, b = sin ϕ/ sin ϑ, and |ψ
Since we can mimic the action of Λ B on ρ 1 and ρ 2 by using the map Λ A , we would always prefer Λ A in favor of Λ B . Thus among all purifying processes of two states we are most interested in those which maximize the trace distance of the corresponding output states.
This trace distance of the output of a purifying map Λ is upper bounded by a geometric quantity depending on ρ 1 and ρ 2 , namely by the worst case distinguishability
We now want to give a physical interpretation of this inequality: In quantum mechanics, an ensemble of pure states Π |φj with probabilities p j > 0 (where j p j = 1) is described by the mixed state ρ = j p j Π |φj . In general, many different ensembles lead to the same density operator ρ, and it is a prediction of quantum mechanics that it is impossible to physically distinguish between such different ensembles. Having said that, for a given mixed state ρ, a pure state Π |φ may physically appear if and only if Π |φ can be part of an ensemble that is represented by ρ, i.e., if and only if a positive number p exists, such that ρ − pΠ |φ is positive semidefinite. Let us denote the collection of all such pure states Π |φ by
where supp ρ is the support of ρ, i.e., the orthocomplement of the kernel of ρ. The worst-case distinguishability is now defined as
where ϑ k denote the Jordan angles [5] between supp ρ 1 and supp ρ 2 . Let us continue the physical motivation of Eq. (6). The maximal success probability for distinguishing two mixed states via a measurement ("minimum error discrimination") is given by [6, 7] 
where we assumed that both states have equal a priori probabilities. Hence P MED is the average success probability for distinguishing the ensemble of pure states denoted by ρ 1 and ρ 2 . In a physical experiment, each single measurement is performed on a pure state out of the ensembles, i.e., the task of the discrimination measurement is to distinguish between a state in Q ρ1 and a state in Q ρ2 . The optimal success probability to distinguish between such two pure states in the worst case is given by
Since no deterministic process can increase the trace distance between two states [2] , a purifying process of ρ 1 and ρ 2 must not deterministically increase the distance between any pair of pure states Π |φ1 ∈ Q ρ1 and Π |φ2 ∈ Q ρ2 . This may serve as a physical motivation for the inequality in Eq. (6) .
Can the bound in Eq. (6) always be achieved by some purifying process Λ? The answer is affirmative, but in order to verify this to a satisfactory level there is no way to avoid the awkwardness of an explicit construction of a map which reaches equality in Eq. (6):
Let us first briefly recall the concept of Jordan bases and Jordan angles (sometimes also called canonical bases and canonical angles) [5, 8] 
Such bases always exist and ϑ k are called the Jordan angles between A 1 and A 2 . The first step in the construction of the purifying map is to apply the distance-decreasing map Ω ϕ defined in Eqns. for k ≤ min i rank ρ i analogously to Eqns. (5b) and (5c) and choose sin ϕ k = D(ρ 1 , ρ 2 ). In order to complete the set of Kraus operators, we in addition define the projector
Let Π |νi be an arbitrary pure state in Q ρi . One finds that
Using the above properties ofΩ, it is straightforward to find a CPTP mapẼ : 
where the maximum is taken over all CPTP maps Λ satisfying {ρ 1 , ρ 2 } ⊂ pur(Λ). Furthermore, as already discussed in advance, due to Eq. (14), the maximizing map tr in •Ẽ •Ω together with the distance-decreasing map Ω ϕ allows to mimic the action of any purifying map of the states ρ 1 and ρ 2 . This result characterizes the output of any process, which maps two input states to pure output states. For example one immediately finds that two states with overlapping support have a vanishing worst-case distinguishability and thus such states only can be mapped to identical pure states by a purifying process. In [4] the problem was investigated, how close the pure output states of a purifying map can get to a purification [9, 10] of the input states. The deviation from the optimal quality of such a purifying map was found to be limited by the difference d(ρ 1 , ρ 2 ) − D(ρ 1 , ρ 2 ). Furthermore the result in Eq. (14) turned out to be the key for the analysis of sets which can be mapped perfectly to their purifications [4] .
In addition, the result in Eq. (14) can also be used as a general tool in quantum information theory, since results for pure states often are much simpler to obtain than results for mixed states. As an example, we provide a lower bound on the trace distance of any two product states ρ 1 ⊗ σ 1 and ρ 2 ⊗ σ 2 :
(From this inequality in particular d(ρ 1 , ρ 2 ) ≥ D(ρ 1 , ρ 2 ) follows by setting σ 1 = σ 2 .) This inequality follows by applying a map for which
Such a mapping can be implemented by a CPTP map for appropriate q 1 , q 2 satisfying
, since then for the first system one applies the purifying map tr in •Ẽ •Ω and for the second system one applies a minimum error discrimination of σ 1 and σ 2 . Now using the fact that a CPTP map cannot increase the trace distance, it is straightforward to obtain Eq. (15).
Probabilistic Purifying Processes
Although we want to concentrate on deterministic processes, in this section we wish to briefly discuss the properties of probabilistic purifying processes. We exclude probabilistic processesΛ from our considerations, for which trΛ[ρ] = 0 for some ρ ∈ M, i.e., we call a process probabilistic on M, only if for any state in M the success probability of the process is non-zero.
A simple example of a probabilistic purifying process is a process, which first performs an unambiguous state discrimination [11, 8] between the possible input states and then uses the unambiguous information to create a purification of the input state: In the language of probabilistic processes, unambiguous state discrimination of a set of states ρ i is a probabilistic map which maps ρ i to p i Π |i , where p i is the success probability of unambiguously identifying ρ i and i|j = δ ij . In Ref. [12] it was shown, that a probabilistic unambiguous state discrimination process for a set M exists, if and only if
Hence, if one applies unambiguous state discrimination on such a set M, in case of a successful discrimination one can map each state Π |i to a purification Π |ψi of ρ i . This map is purifying as well as reversible on M (with the reversible map being the partial trace over the purifying system) and it is successful, whenever the unambiguous state discrimination process succeeds. However, there is a good reason not to deepen the analysis of probabilistic processes as a proper variant of purifying processes: Physically, the information of a successful application of a probabilistic map is provided as a bit of classical information. Thus for a probabilistic purifying mapΛ one can equivalently write the deterministic map
where Π |? is a state that is orthogonal to all output operators Λ[χ]. However, the output of Λ is not pure, unlessΛ is already deterministic and purifying.
Purifying and Reversible Processes
We now want to combine the purifying property of a deterministic process with the feature of reversibility. Since we already noticed that processes which are reversible on all states cannot increase the purity of any state (although it possible to decrease the purity, e.g. using the map E σ defined in Eq. (1)), in the fashion of Section 2 we demand reversibility only on a subset of states M. We call a CPTP map Λ reversible on M if one can find a CPTP map
Let us, again, formalize this property: For a CPTP map Ξ : [4] , it follows that M is an orthogonal union of essentially pure sets. ⊓ ⊔ Although Theorem 1 completely characterizes all sets for which a reversible and purifying process exists, it is in general not straightforward to test whether a set is of the structure as specified in Eq. (20). Only for the case where M consists of only two states, an operational necessary and sufficient criterion is known [4] : The set M = {ρ 1 , ρ 2 } is essentially pure or ρ 1 ⊥ ρ 2 if and only if D(ρ 1 , ρ 2 ) = d(ρ 1 , ρ 2 ). In the general case only some necessary operational conditions can be derived. The most obvious necessary criterion is, that in an essentially pure set all states must share the same spectrum. Another example of a necessary criterion is, that the Jordan angles between the support of any two states taken from an essentially pure set have to be completely degenerate. But these two properties are not sufficient for an essentially pure set, as the following simple counter-example demonstrates:
where |ν ± = 1 2 (±|0 + |1 ± |2 + |3 ) and 0 < p < 1 2 . As a final remark let us note that it is possible to simplify the definition of essentially pure sets: A set of states M ⊂ B + (H in ) with ρ 0 ∈ M is essentially pure if and only if one can find a unitary transformation U on H in ⊗ H aux and normalized vectors |ρ ∈ H aux corresponding to each ρ ∈ M, such that for each ρ ∈ M, 
Conclusions
In summary we have analyzed deterministic physical processes which are reversible or purifying, with particular focus on the combination of both properties. First we have shown that the properties of reversibility and purity of a physical processes are completely incompatible, as long as reversibility or purity is required to hold for any input state. For certain restricted sets, however, one can combine these properties. We investigated the case, where only two input states are mapped to pure states. It turned out that the trace distance of the output states of such a map is limited by the worstcase distinguishability of the input states. A map was provided, which always reaches this bound. Some applications of this result in quantum information theory were presented. For probabilistic processes we used unambiguous state discrimination to build a non-trivial example of a purifying and reversible process. We finally characterized all sets of states, for which a deterministic purifying and reversible process exists and it turned out that such sets have to be pure up to a common mixed contribution. Despite this result and the existence of an operational criterion for such essentially pure sets in the case, where the set consists of only two states, no operational necessary and sufficient condition for larger essentially pure sets was provided. Such criteria will be subject to further research. Furthermore, although some properties of reversible processes where presented here, another direction of future work will be to deepen the understanding of such processes.
